ON THE HIGHER DERIVATIVES AT THE
BOUNDARY IN CONFORMAL MAPPINGt}

BY
STEFAN E. WARSCHAWSKI

INTRODUCTION

Let R be a region bounded by a closed Jordan curve C, and w=f(z) a
function which maps the unit circle |z| <1 conformally on R. As we know,
f(2) is then continuous over the circle |z| <1. In an earlier paper} we have
investigated the conditions under which f(z) is differentiable at a boundary
point 2, (w1=f(z1)), that is,

Jigq 7@ — @)
im e — S

23, 22— 2

= f'(2)

exists for unrestricted approach in |z| <1, z52,, and in addition the condi-
tions under which f'(z) is continuous at each point of an arc of |z| =1. In
the present paper we consider the corresponding questions for the higher de-
rivatives and obtain results of similar nature, of which the following are the
principal ones. Let ©(s) be an angle from the direction of the positive axis of
reals to the tangent line, where s denotes arc length. Let

k™(s) = d"O(s)/ds»
be called the curvature of order #. If further
k(=D(s5) — k(=D(s")

s—s

lim

exists when s and s’ (s>£s’) approach s, simultaneously, we say that C has
an L-curvature of order % at s;.§

I. If C has an L-curvature of order (n—1) at wi: s =s1, and if
a dt
(*) f | =25 - 8) + D5 — ) = 2-D(s) | —
0

converges for s=s1, and if further w,=f(21), then f»~V(z) assumes continuous
boundary values in a neighborhood of z =2, and is differentiable at z,. (Theorem
Iv.)

t Presented to the Society, October 27, 1934; received by the editors November 8, 1934.

1 Mathematische Zeitschrift, vol. 35 (1932), pp. 321-456. We refer to this as WR.

§ The idea of the L-curvature generalizes that of the L-tangent. The idea of the L-tangent was
introduced by E. Lindelsf, the name “L-tangent” by A. Ostrowski. Cf. p. 312.
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HIGHER DERIVATIVES IN CONFORMAL MAPPING 311

II. If C has continuous curvature of order (n—1) along an open arc c, and
(%) approaches zero uniformly with a on every closed subarc of c, then f™(z)
assumes continuous boundary values on the arc vy which corresponds to c. (Theo-
rem III (b).)

An extension of II in the case c=C shows how the modulus of continuityt
of f™(3) on |z| =1 depends on the given function k(*~V(s) and on some other
simple properties of C (Theorem III (c)). Thus we obtain a result about the
equicontinuity of the nth derivatives of the mapping functions at the boun-
dary, for a family of curves which satisfy certain common conditions.

Asis well known, the mapping function f(z) varies continuously in |z| <1
under a suitable continuous deformation of C. R. Courant,} T. Radé$ and
the author|| have given conditions under which this is true. By means of the
above-mentioned extension of IT we prove an analogous result for the deriva-
tives (Theorem V).

Earlier results on the higher derivatives of the mapping function were
obtained by P.Painlevé,q O.D. Kellogg,tt and W. Seidel.{} In all these cases
the hypotheses involve an entire arc of the complete curve, whereas in I above
we impose conditions merely at one point. The result of Painlevé, which in-
fers the existence and continuity of f(z) at |z| =1 from the continuity of
kD (s) on C, is a corollary of II. Kellogg’s first paper yields the result that
if k»=D(s) exists and satisfies a Holder condition, then f("(z) satisfies such a
condition with the same exponent at the boundary. This result does not im-
ply any of our results, nor is it implied by any of them. However, it can also
be obtained by a modification of our method of proving Theorem III.§§ On
the other hand the results of his second paper are easily seen to entail a spe-
cial case of IL.|||| Seidel proves that, if k(»~?(s) is absolutely continuous on C
and | k("= (s)|? (p>1) is L-integrable, then f»~1(z) assumes absolutely con-
tinuous boundary values on | z| =1, f"(3) has radial boundary values, f™ (),
almost everywhere on |z| =1, and |f(e¥#)|» is L-integrable. This result
neither contains any of our theorems nor is it contained in any of them.

t If ¢(x) is defined and continuous on a closed interval I so that for every >0 there is a 6(¢) >0
such that |¢(x)—¢(x’)] Seif |x-—-x’| =< (e), for x, 2’ in I, then we call the function &(e) a modulus
of continuity of $(x) (in the interval I).

1 Gottinger Nachrichten, 1914, pp. 101-109, and 1922, pp. 69-70.

§ Acta Societatis Litterarum ac Scientiarum, Szeged, vol. 1 (1923), pp. 180-186.

|| Géttinger Nachrichten, 1930, pp. 344-369 (Theorem III).

§ Comptes Rendus, vol. 112 (1891), pp. 653-657.

11 These Transactions, vol. 13 (1912), pp. 109-132, and vol. 33 (1931), pp. 486-510.

11 Mathematische Annalen, vol. 104 (1931), pp. 182-243 (Theorems 21, 22, 23).

§§ Cf. Gottinger Nachrichten, 1932, pp. 73-86.

Illl See p. 326.
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If, however, one is interested only in the existence at a given point, or only
in the existence and continuity on an arc, of the nth derivative at the
boundary, then the results of the present paper are the less restrictive.

I. PRELIMINARY THEOREMS

1. The converse of a theorem of Lindelof. If a Jordan arc ¢ has a tangent
at a point P and if every cord P.P; of ¢ (P15 P,) approaches the tangent at
P as P, and P; approach P simultaneously, we say that ¢ has an L-tangent
at P. This idea was introduced by Lindel6ft in the statement of the follow-
ing theorem, due to him: Let w =f(2) be regular in the circle Iz | <1 and let
f(z) map a neighborhood {|z—1| <7, |2| <1} of z=1 conformally on a re-
gion bounded by a closed Jordan curve which has an L-tangent at the point
w,=f(1). Then lim, ., arc f'(z) exists for unrestricted approach in |z| <1.

We shall need the following converse of Lindel6f’s theorem:

THEOREM 1. Let f(3) be regular in |z| <1 and let any branch of arc f'(z)
be harmonic in the region No {|2—1| <ro<1, |z| <1}. Let lim,., arc f'(z) exist
for unrestricted approach in | z| <1. Then we have

(1) f(z) assumes continuous boundary values f(e) on an arc v of |z| =11
with mid-point 3=1. Furthermore,

lim J(re®) = f'(e9)§
ri
exists almost everywhere on v and

']
fey — f(1) = fo Fleyiend,

|f'(eit)| being integrable on v in the sense of Lebesgue.

(2) For some r>0, w=f(3) is univalent in N: {|z—1| <r, |z| <1}; thus
the boundary of M is mapped on a closed Jordan curve T'.

(3) T has an L-tangent at the point w,=f(1).

The following lemma will be used in the proof.

LemwMA 1. If f(2) is regular in a convex region D and if R(f'(2)) =u(z) >0in
D, then f(2) is univalent in D.||

t Compte Rendu du 4iéme Congreés des M athématiciens Scandinaves d Stockholm (1916), pp. 89-91.
The term “L-tangent” was introduced by A. Ostrowski, Acta Mathematica, vol. 64 (1934), pp. 81—
185, see p. 93.

t We say that a function f(z), regular in |z| <1, assumes continuous boundary values on an arc
v of | 5| =1 f there is a function f(¢*) continuous on y such that lims . f(z) = f(e¥) for unrestricted
approach.

§ The symbol « 1 a, which was introduced by A. Ostrowski, means that o approaches a mono-
tonically from below.

|| See J. Wolff, Comptes Rendus, vol. 198 (1934), pp. 1209-1210.
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For, we have first
s = @) = [ @,

the integral being taken along the straight line from 2 to z; in D. Set
Z2=21+lete, { =z,+Nete, 0 SN =I. Then

= l fo l f'(;)dxl = fo lu(r)dk >0,

l
| f(z2) — f(z) | = |fo f'(§)et=dn

the last integral being zero if and only if 2, =2,.

Proof of the Theorem I. (1) We may assume, without loss of generality,
that lim,.; arc f'(z) =0. Let r,>0 be chosen so that |arc f'(z)| < in P:
{|z—1| <n, |3| <1}, where n denotes any positive number < (log 2)/(4e).
We choose a subarc v of the part of |z| =1 belonging to the boundary of 9
with mid-point z =1, and join its end points by another Jordan arc v’ within
9, in such a manner that v and 4’ form a closed Jordan curve C with con-
tinuous curvature. Let z=¢() map the circle || <1 on the interior of C
with { =1 corresponding to z=1. The function ¢({) has continuous boundary
values on |{| =1 and continuous non-vanishing first derivative in l¢] 1.t

Since |arc f/(¢(¢))| <7, to every positive p <(log 2)/(2en) there corre-
sponds a constant K, depending only on p and 7, such that

(1.1) f | /@tee) [£rdr < K| £6O) [£7, if 0=p<1.t

t See, for example, W. Seidel, Mathematische Annalen, vol. 104 (1931), p. 217, Theorem 18,
and p. 226, Theorem 20, or WR, p. 433, Theorem 10, or the theorem of O. D. Kellogg quoted in the
introduction.

1 We use the following theorem (see Gottinger Nachrichten, 1930, p. 356, Lemma 1): Let
F(z)=U(z)+iV (2), with U(0)=0, be regular in |z| = Ire“’l <1 and let |V(z)| <, 7>0. Then for
any p<(log 2)/(2en) there is a constant K(», p) =1 depending only on 5 and p, such that

2r
fo exp [p| F(re®)| ]d0 < K(n, p),

if 0=7<1. We apply this to F()=log f'(¢())—log |/'(¢(0))| and obtain

[ el et

and since for any a: exp[R(x)] <exp[|a|], we have
S (¢(eei™))

.| Plod) [t0 (o
J. ar= [ e[ £ p108| TERS

7))
o F6(oe™)
s [ e[| o8 T o O)]

]df < K(n, 9) >0,

IC

]df < K(n, ), which gives (1.1).
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As (log 2)/(2en) >2, we may take p=11in (1.1). Since |¢’(¢)| is bounded
in [¢] =1:|¢'(})| =M, we infer from (1.1) that

j; " | f'@ee)) | | ¢'(pein) | dr = M fo 'If'(¢(pe"))l dr < constant

for every p in 0 <p <1. Therefore, as is well known,}
lim SN = 80)

exists for almost every 7, when { approaches e in any angle lying in |{| <1
with vertex at { =e¢'. Furthermore,

() — f6(1)) = f " g(ryieiar,

|g(r)| being integrable on |¢| =1. Since ¢’(¢) is continuous in |{| <1 and
not zero, part (1) of the conclusion then follows.
Remark. If, for any branch of log f'(z) in RN, we set

* log f'(u)d
= [RELR,

0

where the integral is taken along the straight line 2 z in R, from a fixed point
%o, then f*(z) also assumes absolutely continuous boundary values f*(¢*) on
the arcy of |z| =1 and

]
e — (1) = f log J/(¥yid,

where |log f'(e'*)| is also integrable.
For since, for any z in the interior of the curve C mentioned above,

I logf’(z)l =< l loglf’(z) I l + | arcf’(z)l = [f’(z)] + T.}'l(m -+ constant,

it follows from (1.1) for p =1 that the integral
7 log r@teen [ 666 | 1
0 peir pe’t —_—
o [#(6e)]

is bounded for 0 < p <1, from which the conclusion follows.
(2) Part (2) of the conclusion of our theorem is an immediate consequence
of Lemma 1 since we have in 9 larc f'(z)| <n<w/2 and therefore

R(f'(2)) >0.

t See, for example, F. Riesz, Mathematische Zeitschrift, vol. 18 (1923), pp. 87-95.
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(3) The existence of the L-tangent at w, =f(1) evidently follows from the
following fact. Let ¢>0 be an arbitrary number. Then, for any two points
Z1 =" 2, =¢ 0, <0, in a sufficiently small neighborhood of z=1, we have,
for a suitable branch of the argument,

(1.2) arc (f(zs) — f(a1) — % <e

In order to prove this, we first note that we can choose 6 = d(e) <e/2 such
that, for z belonging to T': {|arc z| <8(e), 0<1—|3z| <d(e) }

1.3) | arc f'(s) | < %

Let 2,=¢, z,=¢, 0,<8,, be two fixed points in 7. According to Rolle’s
theorem, to each r with 1—8(e) <r<1, there corresponds a point zo=re,
0, <00 <82, such that for a suitable branch of arc (f(rz) —f(rz1))

arc (f(rzs) — f(rs1)) = arc f'(z0) + 60 + _’2'_

Since e and e lie in T, |60] <3(e) <e/2. Therefore, since r satisfies
1—-4(e) <r<1, it follows from (1.3) that

arc (f(rzs) — f(rz1)) — — | S e.

Since 2, 2, are fixed, we may let r approach 1. Hence (1.2) is valid.
2. On a property of certain functions. We prove the following theorem:
TueoREM I1. Let h(3) =u(3) +iv(3) be regular in the circle | 3| <1, h(0) =0,
and let im, .1v(z) =vo exist for unrestricted approach in |z| <1. Suppose that
lim, , 14(r) = ho exists. Then the functions

F(2) =f e"du and G(z) = —f‘-’ﬁu—) du,
0

regular in |z| <1, assume (absolutely) continuous boundary values on an arc
v of |3| =1 with mid-point z=1, and have the derivatives F'(1) =e™, G'(1)
=ho/i at z=1.1

t A function f(z) which is regular in |z| <1 and defined on Izl =1 in a neighborhood of a point
=32, of | 3| =11is said to be differentiable at , if

i 16 = 1)
i 1@ = 1)

z—3] Z—2

exists for unrestricted approach in Izl =1, 255,
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First we see, by applying Theorem I to F(z), that F(z) maps the interior of
a certain region N: {|z—1| <7, || <1} on the interior of a closed Jordan
curve I which has an L-tangent at w,=F(1). Let 2=¢({) be a function which
maps the circle |{| <1 on N in such a manner that ¢(1) =1 and that the seg-
ment —1 <{ =<1 corresponds to the segment 1 —7 <z<1. Then ¢({) is analytic
also in a neighborhood of { =1, and ¢’(1) #0. The function e*©¥¢)¢/(¢) tends
to e*¢’(1) as ¢ approaches 1 along the radius at {=1. Therefore, F(¢(¢))
satisfies the hypothesis of a theorem of the writer,{ according to which

o]

exists and is equal to e*o%p’(1).
Hence also, for unrestricted approach in |3 <1, 21,

F(z) — F(1)
lm —_—

51 z —

(2.1)

eho,

We shall now use (2.1) to prove the conclusion regarding G(z).
According to the Remark above, G(z) is continuous on an arc v of |z| =1
with mid-point z=1, and we have, for ¢* on v,

G(e?) — G(1) = fo h(e*t)dt,
0

.where
k(e®) = u(e™) + iv(eft) = li*n k(rest)
ri1

exists for almost every e on v and | k(¢*) | is integrable alongy. It is sufficient
to prove the conclusion, namely
G(z) —G(1) 1
m-———— = — ho,
-1 z—1 )
only for the case that z approaches 1 along |z| =1 (z71), that is, to prove
that

] 1 ’ i) — —_
(2.2) m—o—j; [R(eit) — holdt = 0.

1 If w=f(z) maps the circle Izl <1 on the interior of a closed Jordan curve C in such a manner
that 2=1 corresponds to w1 on C, if C has an L-tangent in w, and if lim,,, f'(r) exists, then f(3) is
differentiable at z=1 and f’(1) =1lim, 41 f’(r). This is a special case of a theorem in WR, p. 376 (Theo-
rem 3). Compare also the paper of the writer in Compositio Mathematica, vol. 1 (1935), p. 320.
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For, since (2.2) implies that ®(z) =(G(z) —G(1))/(2—1) is bounded on v, and
since ®(z) =0(1/|1—2|) in a region M {|z—1| =7, | 2] <1} it follows from
a well known theorem of Phragmén-Lindelsf that ®(z) is bounded in 9;.
Hence, according to a theorem of Lindelsf, it follows from (2.2) that
lim, ., ®(3) = ko/i for unrestricted approach in |3| <1.

As v(e), defined for almost every ¥ on v, is continuous at § =0 we have

1 []
lim —f [v(et) — vo]ds = 0.
9—0 0 0
Therefore, (2.2) is equivalent to
1 p°
(2.3 lim ——f [u(eit) — uo)dt = 0.
9—0 0 0

In order to prove (2.3), we first note that we may infer from (2.1), with
the help of the relation

1 ]
f @ — ehalar = — i f eremre — 1]etar (| ¢] = 1),
e 0
that
0

(2.4) lim — | eluteO—ud+ito(e—volgitgs = 1,
0—0 0 0

Since, according to Theorem I, (1), |e*@™®| =¢*¢* and hence e*—w is
L-integrable along vy, we have, | 0[ <m,

1 e A
I f elu (e —u i [v(ei)—v,] (git — l)dt‘ < f eneD—us| git — 1| dt
0 Jo e
2|sin (8/2)] *
< 2L OB [ v,
0 0

which approaches 0 with 8. Therefore it follows from (2.4) that

]
(2.5) lim _1_ elu(et)—uglt+ilv(eit)—volft = 1,
00 0 Jo

Because of the continuity of »(e®) at § =0 it follows from (2.5) that
1 ]
(2.6) lim — f [extei—uo — 1]dt = 0.
-0 0 0
Now, since — k(z) satisfies the hypotheses of the theorem, if 4(z) satisfies

them, (2.1) remains true when we replace F(z) by Fi(z) = [ ¢~*®du and e*o
by e—*o, Therefore we obtain, by the method used to establish (2.6),
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@.7 lim f [0 — 1]dt = 0.
With the aid of the inequality
a?Sert+er—2=¢—-1+4+e—1,
which holds for every real «, we obtain from (2.6) and (2.7):

1 1 p*
= f [u(e®) — wo)Pdt < — f [ettn=s0 — 1]ds
0 Jo 0 Jo
1 [}
+ _f [~ uteir—ue) — 1]ds.
0 Jo

Hence
1 po
lim —f [u(e*) — uo]2dt = 0.
=0 0 0

From Schwarz’s inequality it then follows that

( f [u(et) — uo]dt) f [u(e®) — uo]2ds

-which proves (2.3). Therefore the theorem is true.

II. EXISTENCE AND CONTINUITY OF THE #TH DERIVATIVE OF THE
MAPPING FUNCTION ON THE BOUNDARY

3.Lemmas.Let V(s) be defined and continuous in the interval I:
A <s=<B, and, for an s in I and an ¢>0, let the integral

(3.1) j;al Vis+)+V(s—9— 2V(S)|%

exist. We shall make a few remarks about this integral which we shall use
later.
(1) If V'(s) exists and is continuous in I, and if

° dt
[1ve+n-ve-al=
0
exists for an s in I, then also (3.1) exists and we have

a d
fIV(s+t)+V(s—t)—2V(s)l;2£

(3.2) ’ . s
éj;IV'(S+t)—V’(s—t)l—t—-



1935] HIGHER DERIVATIVES IN CONFORMAL MAPPING 319

For, if we set Y(0) =V'(s+0) — V'(s—0) and if 0<e<a, we have

o dt o dp [t
j:|V(s+t)+V(s—t)—2V(s)l-t—2-§j:-t—z-foH/(a)Ida

_ ffr wa:)l dadt,

the double integral being taken over the quadrilateral 7. with vertices
o=0,t=¢;0=¢t=¢;0=0,t=0a; 0=0,t=a. Now we observe that

ffr,wi_:)ldf'dt=ffl¢(a>| £°§da+£'|¢(a)| f‘“%da

gfwml io,
0

[

and letting e approach zero, we see that the result is true.
(1a) If V'(s) satisfies a Holder condition at s=s;:

| Vi(si+8) = V'(s)| = H|¢t]f, 0<B=1,

then, because of (3.2),

e dt 26H
(3.3) fo|V(s1+t)+V(s1—t)—2V(s1)| gy

(2) Sum and product. We shall sometimes use the notation

AYVE) = V(s +8) — Vi), APV(E) =V(s+ 1) + V(s — 8 — 2V(s).

If Vi(s) and Vi(s) are defined and continuous in 7, we have
i dt @ dt
1820 + vl S= [1482v0]5

0 2 0 12

(3.4)
¢ (@ dt
+ f | A Va(s) | —»
0 2
provided both integrals on the right exist.
If, throughout I, | Vi(s)| M, | Va(s)| < M,, if, for a certain value s=s,
in 4 <s<B, (3.1) exists for V(s) = Vi(s), V(s) = Vi(s), and if

|A(:1)V1(SO)I§K1|1I, IA(:)Vz(So)léKzltl

(M,, M., K,, K, being constants), we have
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L 2 dt b 2 dt
f IA(t) [Vi(so)Va(so)] | = = M1f |A(e)Vz(So)| o’y
3.5 ° ! ’ ‘

IR0 dt
+ Maf I A; Vl(So)l t_z + 2K1K2a.
0
For

AL [Vi(so)Valso)] = Va(so + O)Va(so + £) + Vilso — £)Va(so — £)
— 2V 1(s0)V2(s0)
= Vi(so + &) [Va(so + 2) + Va(so — 8) — 2Va(s0)]
+ Va(so — &) [Va(so + £) + Vi(so — &) — 2V(so) ]
— 2V1(so + £)Va(so — £) + 2V 3(s0)Vi(so + £)
+ 2V1(s0)Va(so — &) — 2V1(s0)V2(s0)
= Vi(so + Ay Va(so) + Va(so + A7 Vi(so)
— 2[Vi(so + £) = Va(so) ] [Va(so — 2) — Va(so)].
By multiplying this by 1/# and integrating over O - - - ¢, we obtain a
relation from which (3.5) follows at once.
(3) Change of variables. Let (3.1) converge at s=s;, 4 <51 <B, and let
(3.6) | V() = V(") | = K|s' ="
for s’, s’ in I. Let s=s(0), A <s(0) < B, be defined in the interval I'*, with

continuous positive first derivative. Thus there are two constants u;, us such
that for 8’ and 6’/ in I'*,

. s(0) — s
3.7 0<méwéﬂz.

Suppose that s;=s(6:) and that for an «>0
@ dr
f l s(r+ 1) + 56, — 7) — 25(01)] -
0 T
exists. Then, if we denote V(s(6)) by V*(9),
« d
[laPre| 5
0 72
also exists, and we have, for a =5(6,+a) —s(6),

a d 2 a dt a d
(3.8) f &P vy | =< 22 f |7 V(s)| — + K f | a6 | =
0 2 mJdo t? 0 72
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For if, for sufficiently small | 7|, we set s(6,47) =s1+, s(,—7) =5, —#/,
we have
@ @ ,
A, V*(01) = At V(Sl) + V(Sl - t) o V(Sl - t).
It follows from (3.6) that
|V(si=¢) = V(si—t)| S K|t —¢|=K|s(6r+ 1)+ 506: — 1) — 25(61) |.

If we denote by 8(s) the inverse function of s(6), we obtain

* d o t\2do(sy + 1) dt
f [ vHe)| = < f 182 ¥ (sy) |<__> B+ 1) d
0 2 0 T dt £2

a d
+ K f | a&s0) | =,
0 7

from which (3.8) follows with the help of (3.7).
We shall also have to use the following simple lemmas.

LEMMA 2. Let f(2) be continuous for A<t<B,0<AN<B—A <A, and let 5(¢)
be @ modulus of continuity of (t). Suppose | [if(£)dt| <m, m=0. Then there is
a number M 21, which depends only on m, \, A and the function 5(c), but not
otherwise on f(t), such that in A <t<B: |f()| <M.

We may omit the simple proof of this lemma. We shall need the following
corollary.

LEMMA 3. Let f(t) have in A <t<B, with 0KN<B—A <A, a continuous
nth derivative and let 5(e) be a modulus of continuity of f™ (). Suppose that
|fff(’>(t)dt! Sm,m=20,v=1,2, - - -, n. Then there exists a K=1, depending
only on N, A, m, and the function 6(¢), such that, in A<t<B, |f* ()| =K,
v=1,2,...,m.

First, according to Lemma 2, there is an M, =1, depending only on A, A,
m and 6(e), such that |f™(f)| <M, in 4 <¢t<B. Hence

| F=0(t) — F=D(t) | < Mu|ts — ta].

Therefore, we may apply Lemma 2 to f*~V(#) with the modulus of continuity
0*(e) =¢/M . Thus we obtain an M,_;, which also depends only on A, A, m,
and §(e), such that |f*V(f)| <M., in A <t<B. By applying the same
method to f»=2(#) and =1 (¢), f*9(f) and f==?(¢), and so on, the proof is
easily completed.

4. Radial boundary values of the derivatives of analytic functions. We
prove
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LemumA 4. Let F(z) =u(z) +iv(3) be regular in |3| <1 and let v(z) be con-
tinuous in |3| <1. Set v(e®) = V(6).
(a) If, for a certain value of 0, V'(0) and the integral

.1) flV(e+T)+V(o—T)—2V(o)| 2(/2) 0<a<m,

exist, then also lim, , F'(re®) exists and

ie® lim F'(re%)
rt1
(4.2)

=if'{V(0+r)+V(o—r)—2V(0)}———+zV'(o) 1
4r J 2 (7/2)

(b) If V'(6) exists and is continuous on the arc v: 6, <0 <0,(0 <0;— 0, <27)
of | 2| =1 and if (4.1) exists for every 6 on v and approaches zero uniformly with
a on v, then F'(z) assumes continuous boundary values on the open arc .

(c) Suppose that the hypotheses of (b) are satisfied for y={0<0=<2r} and
that V'(0) =V'(2w). Suppose 86(£) is a modulus of continuity of V'(6), and n(£)
is a modulus of convergencel of (4.1). Then also F'(z) assumes continuous boun-
dary values F'(e%) on |z| =1 and the modulus of continuity of F'(e®), A(e), de-
pends only on €, and the functions 5(£) and 1(£). Furthermore, there is an upper
bound for | F'(e®)|, also depending only on the functions 5(£) and n(£).

By using Poisson’s formula

t Part (a) of this lemma has already been used by the author in WR, pp. 407 and 424. A theorem
of similar nature was obtained by A. Plessner, Zur Theorie der konjugierten trigonometrischen Reihen,
Dissertation, Giessen, 1923, p. 2. The corresponding generalization of condition (4.1) for functions
harmonic within a sphere has been used by O. D. Kellogg, in the second paper mentioned in footnote
1t on p. 311.

1 We call a function 5(£) >0 defined for £>0 a modulus of convergence of the integral (4.1) if
for every £>0, over all of Izl =1, the integral (4.1) is <, provided that 0<a=n(£).

Since sin (r/2) <7/2 and, for 0<r=<, sin (v/2) 21-/ m, we have

wzf lA(z)V(o)l —z f A%V ()| —F 241‘ IA(”V(O)Ig

Hence, if 7(£) is a modulus of convergence for

>y
f I ve )l sin? (1-/2)

[C1a2vel x
[] T

Conversely, if 7(£) is a modulus of convergence for the second integral, 7(£/=2) is one for the first one.

m’( /2)

then (%) is also one for
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1 L 4 1 6+
o(reit) = — f V@) K(r, ¢ — 0)dp = — | V@)K(r, ¢ — 0)do
27 - 27 0—x
— 2 — 2
(K(r,a>= - L= )
14+72—2rcosa (1 — 7)%+ 4rsin? (a/2)

which holds for 0 <7 <1, we obtain by setting ¢ —0=7

o(re?) = -Z-I—f'V(G + 7)K(r, 7)dr = Zif'{V(ﬁ + 1)+ V(0 — 1)} K(r, 7)dr
T —x wJo

1 x
- f (VO + 1)+ V(O — 1) — 2V(®)} K(r, 7)dr + V(8).
2rJ

Hence
Jv(re®)
ar

-~ [o+n+ve-n-wo)
™ 0

(1 — 72— 2(1 + r?) sin? (7/2)
[(1 = 72 + 47 sin? (7/2)]?

The expression
1 — )2 = 2(1 + r?) sin? (v/2)
[(1 = 7)? + 47 sin? (r/2) ]2
is uniformly bounded for 3 <7 <1 and every real =. Furthermore, it tends to
—4 uniformly in the interval § <7 <= for any fixed positive § as r approaches
1. Since the integral (4.1) approaches zero with @, we therefore see that
, du(re") au(re“)_) 1 ff {(ve++»+V(E—r1) —2V(©)}
or a0 4r J, sin? (7/2)
as r approaches 1, and also that this convergence is uniform in any interval

01 <0 <0: in which (4.1) tends uniformly to zero with a. Furthermore, accord-
ing to a theorem of Fatou,

sin? (7/2)

T

dy(re®
lim (re)
rel a9

=V

for every 6 for which
V(0 = av(6)
e

exists, and the convergence is uniform in 6,<60<86,, if V’() is continuous
there. This establishes parts (a) and (b) of the theorem.
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It follows immediately from (b) that, under the hypothesis of part (c),
F’(3) assumes continuous boundary values on |z| =1. To prove the remaining
conclusion in (c), it is evidently sufficient to prove the result for the function
ie®F'(e%) instead of F'(e¥).

As far as the modulus of continuity of 7e¥#F’(e%) is concerned, it remains
only to show that the modulus of continuity of its real part depends only on
e and on the functions §(£) and 7(£). In order to demonstrate this we first
note that, since [ :" V'(6)d9 =0, according to Lemma 2 there is an M =1, de-
pending only on &(%), such that |V’(6)| <M. Therefore |V (6) —V(6s)]
SM|6,—6,|. Let ¢>0 be an arbitrarily small number. Then we have

fr {A(,”) V(o) — A(f)V(Oz)}d"'|< fn(em IA,(z)V(ol)Id-r
0 sin? (r/2) = J, sin? (r/2)

2w | APy dr = | &2 {ve) — V)| dr
+f [ A7 V(8| f [ A, {V(o) — V(en)} |

sin? (7/2) (¢/3) sin? (7/2)

2 4Mx| 6, — 6]

St —FFT777=¢
3 sin® (31(¢/3))

provided that
€
|61 — 62| < sin® (3n(e/3)).
Since

2r dF(ew) 2r » .
f do = f 1e%F'(e?)d6 = 0,
0 do 0

it follows from Lemma 2 that there is an N =1, depending only on the modu-
lus of continuity of ie#F’(¢%), such that |ie®F’(¢)| = | F'(e%)| <N for all 6.
This completes the proof.

The following lemma generalizes Lemma 4 (a) and (b).

LEMMA 5. Let F(z) =u(z) +4v(z) be regular in |z| <1 and let v(3) assume
continuous boundary values V(6) on the arcv: 0. <0=<0; of |z| =1.

(a) If at 0=0o=(0,+06.)/2, V'(0) exists and the integral (4.1) converges for
an a>0, then lim,,F'(re¥) exists.

(b) If V'(6) is continuous over all of v and if (4.1) exists at each point of a
subarc y': 0, <0,’ <0 <06, <0, of v and approaches zero uniformly with a on ',
then F'(z) assumes continuous boundary values on the open arc y'.
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Let T' denote the closed Jordan curve formed by v and the part within
| 2| =1 of the circle with center z=e¢% and through the end points of . I' is
symmetric in the diameter of the circle |z| =1 through z=e#. Let z=g({)
map the circle | {| <1 on the interior of I' in such a manner that g(1) =¢* and
that the segment —1 <{ <1 corresponds to the part within I of the diameter
of |z| =1 through e. Let v* be the arc of |{| =1 to which v corresponds.
The function g({) is also regular on the open arc v* and g'(¢) is not zero there.

Part (a) of our lemma follows immediately from Lemma 4 (a) applied to
F(g(¢)). The function F(g({)) satisfies its hypotheses: for, first

and secondly, because of the symmetry of I mentioned above, we have, if we
set g(ei¥) =i+ for sufficiently small ¢ >0, g(e—i¥) =¢i—  and hence,

< . i
fo | ote(e) + stele) - (g1 | 5

= f TV @+ 1) + V(oo — 1) — 2V(00) | (l)z__l__ il
0 v/ g

a d
< constant f | V(8o + ) + V(60— 7) — 2V (60) I _:’
0 T

where « is defined by g(eie) =ei@ota),

Part (b) follows from Lemma 4 (b) applied to F(g({)), since in this case
9v(g(e*))/dp=V"(8) | g’(¢**)| is continuous on the open arc ¥*, and since also
the second hypothesis of Lemma 4 (b) is satisfied, as may be easily seen by
use of §3, (3).

5. Boundary values of the nth derivative of the mapping function. Let
¢ be a rectifiable Jordan arc with continuously turning tangent and let ©(s)
be an angle from the direction of the positive axis of reals to the tangent line,
where s denotes the arc length. We define O(s) first at an arbitrary point of
c and then at the other points so that ©(s) varies continuously with s. If
k(" (s) =d"0(s)/ds exists at s=s; we call k™ (s,) the curvature of order n of ¢
at s1; k9(s) is understood to be O(s). If k(»~D(s) exists in a neighborhood of
s=s; and if

k(=D (s) — x(=D(s")

s—s

lim

exists when s and s’ (s>s’) approach s; simultaneously, we say that ¢ has
an L-curvature of order n at s..
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THEOREM III. Let R be a simply connected region. Let the boundary of R
contain a free Jordan arc c.t Suppose w=f(z) is a function which maps the
circle |z| <lon R.

(a) If in a neighborhood of a point wi(s =sy) k"2 (s) exists and has bounded
difference quotient, if, for s =s., k=D (s) and

a dt
(5.1) f | €D (s + ) k(s — 1) = 20D () |
0

exist and if wi=f(1), then lim, , f"(r) exists.

(b) If k»=1(s) exists over all of ¢ and is continuous, and if (5.1) exists at
every point of a closed subarc ¢’ of the open arc ¢ and approaches zero there uni-
formly with a, then f™(z) assumes continuous boundary values on the open arc
v': 0, <0<0; corresponding to c¢’. Furthermore, if s(0) denotes the arc length
along ¢, measured from a fixed point, s™(0) exisis on v’ and is continuous.}

(c) Suppose R is the interior of a closed Jordan curve C with continuous
curvature of order (n—1). Suppose that (5.1) exists at each point of C and ap-
proaches zero with a uniformly over all of C. Let 8(£) be a modulus of continuity
of k*=1(s) and n(£) a modulus of convergence of (5.1). Furthermore, let D be a
number such that the diameter of C is <D. Let p>0 be the radius of a circle
with the center f(0) =w, lying entirely in R, and let d >0 denote a constant such
that r/a = d where r is the distance between any two points of C and o is the length
of the shortest arc of C joining the two points.

Then f(3) has continuous boundary values over all of |z| =1 and s ()
exists and is continuous there. Furthermore, there is a modulus of continuity of
f™(e®) and s (6), A(e), which depends only on €, D, p, d, and on the functions
(%) and 1(£), and there is an upper bound for | f»(3)| and | s (6) | whick also
depends only on D, p, d, and the functions 5(§) and n(£).

t That is, a Jordan arc the end points of which can be joined by another Jordan arc b lying in R
except for the end points, such that b and ¢ form a closed Jordan curve which bounds a region be-
longing to R. This idea is due to C. Carathéodory; see, for example, C. Carathéodory, Conformal
Representation, Cambridge University Press, 1932, p. 86.

1 Theorem III (b) contains as a special case a result which can be obtained by applying to the
logarithmic potential, and in particular to Green’s function of a plane region, the method given
by O. D. Kellogg in his investigations of the derivatives at the boundary, of harmonic functions in
space (see footnote t1 on p. 311, second paper). The special case which is obtained in this way is
the following (see Theorem III, p. 491, loc. cit.): Let R, ¢, and w=f(z) have the same meanings as
in Theorem III of our paper. If x(*~1(s) exists on ¢ and if there is a non-decreasing function D(¢),
defined for £>>0, for which [(D(f)/#)dt exists, such that

| k=0(s + 1) — k()| < D), ¢>0,

then f™(z) assumes continuous boundary values on the open arc ¥ corresponding to c.
Our proof of Theorem III (b) makes use of methods of conformal mapping and therefore admits
no obvious generalization to the case of potential functions in space.
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The following theoremt will be used in the proof.

THEOREM IIT*. Let R, ¢, and f(z) have the same meaning as in T heorem 111.
(a) If ¢ has a continuously turning tangent and if the angle ©(s), defined
above, satisfies a Holder condition on c:

(5.2) |0(s) —O(s")| = K|s— '], 0<B <1,

then, on any fixed closed subarc v' of the open arc v corresponding to c, f'(2)
and s'(0) = |f'(e®)| exist, are not zero, and satisfy a Holder condition with the
same exponent:

(5.3) |s'6) — s'@)] < | f(e?) — f'(e®)| < H| 6 — 0’5

(b) Suppose that R is the interior of a closed Jordan curve C, on which (5.2)
is satisfied. Then the constant H in (5.3) depends only on B, K, and the three
constants D, p, d introduced in T heorem 111 (c). Furthermore, there are two num-
bers p1 and ps, also depending only on those five constants, such that, in |z| <1:
O<m= If’(Z) I §,Uv2

Since we shall prove Theorem III by induction, the following simple re-
marks will be of help to us:

If, in a neighborhood of a point s; of a Jordan arc ¢, k=1 (s) exists and
has bounded difference quotient, then also k(m=2(s), k(m=3(s), - - - , kD(s),
0(s) have bounded difference quotients there. Hence, according to §3, (1a),
each integral

a dt
(5.4) fIx(')(s+t)-|—x(")(s—t)—ZK(”)(S)I-t? v=1,2,--,m—2)
0

exists and approaches zero uniformly with ¢ in a neighborhood of s =s;. Thus
we have

Remark 1. If the hypotheses of part (a) of Theorem III are satisfied for
the order » =m+1, then those of part (b) are satisfied for every smaller order
n=2,3, - - -, m, for a certain neighborhood of s =s,. If the hypotheses of III
(b) are fulfilled for the order n=m+1, they also are fulfilled for any smaller

t Part (a) of Theorem III* is a theorem of Kellogg from the first paper mentioned in footnote t1
on p. 311 and is also proved in WR, p. 447. The statement of part (b) as to the dependence of H on
B,K, D, p,d only, is proved in WR, pp. 451-452. This statement, as it is given in WR, says that H de-
pends also on a lower bound ! for the total length of C. But since we may take /=2p, the statement
about H in III* (b) is true. The assertion in IIT* (b) concerning the existence of constants u; and p.
which depend only on 8, K, D, p, d is covered by the theorem on p. 440 (equation (10.16)) in WR
which says that u; and us depend only on D, p, d, a lower bound /(=2p) for the total length of C,
and the modulus of convergence §’(n) of the integrals (10.5) on p. 440 in WR. But since |x’ (s+17)
—='(s)| =| cos O(s+1)—cos O(s)| <|O(s+0)—O(s)| <K |18, | y'(s+)—y'(s)| SK|1]#, it is easily
seen that &’(n) can be chosen (87/K)V8 and therefore depends only on 8 and K.
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order and for any subarc of ¢ as ¢’. In particular, we may infer from Theo-
rem IIT*, using it for =1, that under the hypotheses of part (a) or (b) or
(c) of Theorem III for any »# =2, we have relations of the form

(5.5) 0<m 20| =[50 = m,
(5.6) | ') — s'@) | < | f/(e?) — f(e)| < H| 6 — 0|12

holding in a neighborhood of §=0 on |z| =1 in case (a)t, on any closed sub-
arc of the open arc v in case (b), and over all of |z| =1 in case (c).
Furthermore, it follows from §3, (1a), and from (5.6) that

« dr
(5.7) f Is(ﬂ +7)+s(0 —7) — 2s(6) I - < 4Ha'/? (a > 0),
0 T

if 6+ o is inside any interval for which (5.6) is true.

Another remark will be of use in proving part (c):

Suppose the hypotheses of part (c) are satisfied for »=m+1. Denote by
S the total length of C; evidently 2p <S <2D/d.{ Since

8 0 forv > 1,
f k®(s)ds = { v=12---,m,
0 2r forv =1,

there is, according to Lemma 3, a constant K, depending only on p, 2D/d, and
the modulus of continuity §(£) of k™ (s), such that over all of C

(5.8) |x0(s)| < K =12 - ,m).
Hence, for any s, s,
(5.9) | k¥ (s1) — k®(s3) | £ K| 51 — 52| v=12---,m—1),
and for 05 <5, =S,

(5.10)  |O(s)) —O(s2) | < K| 51— 55| < k| 51— 52|V2, k= K(2D/d)2.

Thus we obtain
Remark 2. If the hypotheses of Theorem III (c) are satisfied for » =m+1,
(5.8) holds, and every k®(s),v=1,2, - - - ,m—1, has a modulus of continuity

which depends only on ¢, D, p, d, and on the modulus of continuity §(£) of
k(™ (s). Furthermore, because of (5.9), each integral (5.4) which approaches 0
with ¢ uniformly on C, has a modulus of convergence also depending only on
¢, D, p, d, and on the function 8(£). Because of (5.10) it follows from Theorem

t It should be noticed that (5.5) is true on a closed neighborhood of #=0 under hypothesis (a)
of Theorem III* because f'(z) is continuous and different from O there.

1 In order to prove S=<2D/d we need only apply the inequality r/oc2d to two points on C dis-
tant o=4S from each other along C.
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IIT* (b) that i, ps in (5.5) and H in (5.6) and (5.7) depend only on D, p, d,
and on §(%).

6. Proof of Theorem III. We shall first show that if the theorem is true
for the orders n=2, 3, - - -, m, it is also true for =m+-1. In the proof of
each of the three parts we thus assume that all three parts have been proved
forn=2,3, - - -, m and the hypotheses of the part in question are satisfied
forn=m+1.

(1) Since f’(3) is not zero in |z| <1 every branch of log f'(3) is regular
there. We choose a branch of log f'(z) and note first that our proof will
be completed if we prove, in each of the three cases, that the function
9™ log f'(z)/90™, z=re®, satisfies the result stated in the conclusion about
f™+D(3). For we have, first,

a™ log f'(z) d™log f'(2) (62)"‘
= — P.(2),
agm dz™ a0 + Pulz)

where Pn(z) is a polynomial in the derivatives of log f’(z) with respect to z
of order =m—1 and in derivatives of z with respect to 6. By replacing each
expression d* log f'(z)/dz* by

= rf"(2) = N\Ef'(@e) 1
o1 [ f’(z)] - E(,( 8 ) i dph [ f’(z)]’
we obtain, by use of d*z/930* =1+z,

o™ log f'(2) o1 (z)

6.1 ————— = (15)" ——— + R.(3),
(6.1) e (iz) 7@ + Run(3)
where R.(z) is a polynomial in the derivatives of f(z) of order <m, in z and

1/f'(z).

We supposed that the hypotheses of part (a), (b), or (c) as the case may
be are satisfied for »=m+1. According to Remarks 1 and 2 above, we may
therefore in each of the three cases apply the corresponding part of our theo-
rem about f'/(2), f'"'(2), - - -, f(3), which is supposed to be proved, and
also the results about f’(z) stated in these remarks. Since this shows that
Rn(2) has the properties which are to be established for f(»+1(z), it follows
from (6.1) that f»+1(z) will have these properties, if ™ log f'(z)/d™ has
them.

In order to infer also the result of part (b) or (c) about s(+Y(6) from this
property of dmlog f'(z)/d8™, we first observe that, if d™log f'(rei)/36™
(0 <r<1) has continuous boundary values on an arc 6; < <8 of |z| =1, also
d™ log f’(e*)/df™ exists on this arc and is equal to lim,; a™ log f’(re®®)/30™.
Therefore, it follows from
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dnlog | f'(e?)| dmlogs'(e) d [dm-2 (s"(o) )]
dom  dem doldem—2\s(8)

= il:s<m)(g)_1_+ o 4 57(8) a L:I
6 (6) 6™ 5'(6)
that s»+ () exists on v’ or over all of |z| =1 respectively, since s’(8) =0
there. Hence, we have
d™ log s'(6) 1 a1 1

08 g TG O Sy

from which we easily infer the result about the continuity of s(=+V(6) in case
(b) and the modulus of continuity and the bound of s(m+Y(6) in case (c).

(2) We now prove the result concerning 9™ log f'(z)/06™. Let us first as-
sume that the hypotheses of part (a) are satisfied for » =m+1. According
to Remark 1 above, the hypotheses of part (b) of our theorem are then also

satisfied in a neighborhood of s=s, for n=2, 3, - - - , m. Hence, if we set
0*(0) = 0(s(6)), we see that

m—1
(6.3) V() = — O*(0) = k™D’ @B)™ 1+ - - - + kD(s)s(mD(6)

do

exists in a neighborhood of 6 =0. Furthermore, since k(™ (s) exists for s=s,
and s™(6) at 6=0, also

V() = g; ©%(0) = k™ () O)™ + - - - + kD (s)s™(6)

exists at =0.

The functions x®(s) and s (6),»=1, 2, - - - , m—1, have bounded differ-
ence quotients in a neighborhood of s=s; and 6 =0 respectively. Hence V(6)
has this property in an interval —§<60=<6 (0<é=m):

(6.4) | V(#) — V(62) | = k|61 — 6] < k(2m)V2| 61 — 62112

By using (6.1) with m replaced by m — 1, we see that ™! log f’(z)/96™1
assumes continuous boundary values on |z| =1 in a neighborhood of z=1.
Since there, for a suitable branch of arc f'(z), arc f'(e¥) =0*(0) —0—=/2,
it is easily seen that the boundary function of the imaginary part of
a1 log f'(z)/96™' is V(6), if m>2, and V() —1, if m=2. According to a
theorem of Privaloff,f it follows from the fact that V(6) satisfies a Holder
condition with the exponent 3 for — <6<, that also the real part of the
boundary function of ™! log f’(z)/88™1, that is, d™' log s’(6)/d6™*, satis-

t I. Privaloff, Bulletin de la Société Mathématique de France, vol. 44 (1916), pp. 100-103.
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fies a Holder condition with the same exponent in any fixed interval
—8'=0=<¢’ with 0<6'<5:

dmlogs'(0 d1log s’(6
(6.5) H:__gg_sﬂ] - [—_ogs_()] l < hl 0, — 02|1/2.
d0 m—1 by d0 m—1 Gl g

For the proof of part (c) of our theorem it is important to notice that,
if V() satisfies the Holder condition in (6.4) over all of |3| =1, the proof of
Privaloff’s theorem implies that also (6.5) is true over all of |z| =1 and that
the constant % in (6.5) depends only on the constant & in (6.4).

From (6.5) we infer with the help of (6.2), used for m—1 instead of m,
that, in the neighborhood of 6 =0, also

(6.6) | sm(8;) — s¢m () | = gl 0, — 65|12 (g constant).
Now we note that we may write (6.3) in the form
V(6) = km=1(s)(s'(6)) ™" + IIn(6)

where I..(6) denotes a polynomial in k®(s(0)),»=1,2, - - -,m—2,and s (6),
v=1,2, - - -, m—1.Since by Remark 1 each integral (5.4) exists at the point
s =35y, it follows from §3, (3), and (5.5) and (5.7) that also the integrals

a d
f | k) (s(8 + 7)) + k@ (s(6 — 7)) — 2%)(s) | —: v=12:---,m—2)
0 T
exist at =0 for an o>0. Furthermore, since in a neighborhood of =0
s»(0), v=2, 3, - - -, m—1, have bounded difference quotients and s™(6)
satisfies the Holder condition (6.6), it follows from §3, (1 a), (3.3), that the
integrals
a dr
f [s@@+7) +500 -7 - 200)| = G=1,2,m=1)
0 T
exist at § =0 for an «>0. According to §3, (2), therefore
« d
6.7) f | Ha®+ 1) + Ta(® — 7) — 2M0a(6) | =
0 T

existsat 6 =0.
Now we recall that by hypothesis the integral

e di
(6.8) f | k=D (s 4 £) 4 k=D (s — §) — 26D (s) | -
0

exists at s =s;. Because of (5.5) and (5.7) we may apply §3, (3), once more and
we see that also
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f T k= (s(8 + 1)) + k™D (s(8 — 1)) — 2P (s(6))] ig

exists at 6 =0 for an a>0. Set 2.,.(0) =« (s(6))(s’(0)) ™. According to §3,
(2), (3.5), therefore

« dr
(6.9) [Tou@+0+0.0-7-20.0] 5

exists at 6=0 for an a>0. From (6.7) and (6.9) we finally infer, with the
help of (3.4), that

« dr
(6.10) f]V(o+T)+V(o—T)—2V(o)| —
0 T

existsat 6=0.

Let us now make a few remarks concerning the proof of part (b) and (c)
of our theorem. If the hypotheses of (b) and (c) are satisfied, we see by ex-
amining part (2) of our proof above once more and by using Remarks 1 and 2:

First, that V'(f) is continuous on the open arc v or over all of |z| =1
respectively, and that in the latter case the modulus of continuity, §*(e),
of V’(6) depends only on ¢, D, p, d, and the modulus of continuity, §(£), of
k™ (s). Furthermore, in this case % in (6.4), hence g in (6.6), also depend
only on D, p, d and §(%).

Secondly, we see that the integral (6.7) approaches zero uniformly with
o on every closed subarc of the open arc y or over all of | 3| =1 respectively,
and that in the latter case the modulus of convergence of (6.7) depends only
on the same things as 6*(e).

Thirdly, we see that (6.9) also, hence (6.10), approach zero uniformly with
o on the arc 4’ or over all of |z| =1 respectively, and that in case (c) the
modulus of convergence n*(e) of (6.10) depends only on ¢, D, p, d, and the
modulus of continuity 8(£) of k(™ (s), and the modulus of convergence (%)
of (6.8).

Now we can complete the proof of all three parts simultaneously.

The function V(6) —d™'6/d6™! is the boundary function of the imagi-
nary part of

_ amilog/(2)

) g = re¥,
99m™1

F(2)
in a neighborhood of =0 on |z| =1 in case (a), on the open arc v in case (b),
and on |z| =1in case (c). Since, under the hypotheses of part (a), V'(§) and
(6.10) exist at =0, the result which we wish to prove follows immediately
from Lemma 5 (a). According to the three remarks which we have just made
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concerning parts (b) and (c), these parts follow from Lemmas 5 (b) and 4 (c)
respectively.

To complete the induction we have to show now that Theorem III is true
for n=2. We obtain this proof for =2 immediately from the preceding
proof by setting m+1 =2, since all properties of f’(z) which are used in this
proof are based on Theorem IIT*. This completes the proof of Theorem III.

7. Existence of the nth derivative of the mapping function at a boundary
point. We prove the following theorem:

THEOREM IV. Let R be a simply connected region. Let the boundary of R
contain a free Jordan arc c. Suppose that the arc ¢ has an L-curvature of order
n—1 at an interior point wi(s =s1) and that

a : dt
(7.1) f | =514 £) KDy = 1) = 2D () |
0

exists for an a>0. If w=f(2) is a function which maps the circle |z| <1 on R
in such a manner that z=1 corresponds to w,, then f*=1(2) assumes continuous
boundary values on |z| =1 in a neighborhood of z=1 and is differentiable at
z=1.

We shall use one part of the following lemma in the proof.

LEMMA 6. Let v(3) be harmonic in the circle | 3| <1 and assume continuous
boundary values V(0) on |z| =1. A necessary and sufficient condition that

dv(ret?)

z—1 a¢

)z = re'd,

exist for unrestricted approach in |z| <1 is that

14 - V(¢
(7.2) km —@—,—“2 = V/(0)
¢— ¢
exist when ¢ and ¢’ approach zero simultaneously. The limits lim,_.,0v(re*)/d¢
and (1.2) are equal if one of them exists.

Proof of Lemma 6. (1) If (7.2) exists, then, for almost every « of a suitable
interval —8<a <4, V'(a) exists and is continuous at a=0. Furthermore,
for every « of thisinterval, V(a) — V(0) =/, V'(¢)ds, the integral being taken
in the sense of Lebesgue. From Poisson’s formula

1—1r

1472 — 2rcosy

1 r
B(rot) = f_ V(@K(r, « — ¢)da, K(r, ) =

which holds for » <1, we obtain
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dw(re®) 1 T OK(r,a— 1 7 0K(r,a—
wret) 1 f Vi KO2=® , 1 f Vi KO =9
do 2 J _» do 27 J _, da

= USRS

By integrating the integral f_aa V() (0K /da)da by parts, we thus get

dv(re's) 1 3 '
=— ) V(e)K(r,a — ¢p)da+ V(= 8)K(r,6 + ¢) — V(§)K(r,3 — ¢)
d¢ 2w J_;

1 x -5
21r{ j; + ~f_f } )

Since limg.oV'(¢) = V'(0) when ¢—0 over the point set on which V’(¢) is
defined, it follows by a well known procedure that lim,.,dv(re*)/d¢ exists for
unrestricted approach in |z| <1 and =V"(0).

(2) If, conversely, lim,..9v(rei*) /3¢, z=re, exists, then there is a §>0
such that dv/d¢ is bounded in the sector { —§<¢ =<5, 0<r<1}. According
to Fatou’s theorem, dv(re*¢)/d¢ therefore has radial boundary values 4(¢)
for almost every ¢ in —3<¢=<4. Evidently 4(¢) is continuous at ¢=0.
Hence, according to Lebesgue’s integral theorem, we have

¢ Ju(rei®) ¢ du(re=)
da = f lim
o rt1

é
V(p) — V(0) = lim da = f h(a)de,
0

ri1 0 da
from which (7.2) with V’(0) =4(0) is easily inferred.

Proof of Theorem IV. According to the Theorems III* and III (b), f'(3),
f"(®), - - -, f* D (z) assume continuous boundary values on a certain arc y*:
—8=<6<35 of |3| =1, and according to III (a) lim,,f"(r) exists. If we de-
note, as before, by s(6) the arc length along c, then also s’(8), - - -, s<*=1(6)
are defined and continuousin —§ <6 <34.

We choose a fixed branch of log f'(z) and consider G*(z) =92 log f'(2)
/8672, |z| =|re®| <1. With the help of (6.1), used for m=n—2, it follows
from what we have just noted about f’(z), - - -, f*"V(z2), and f(z) that
G*(z) assumes continuous boundary values on v* and that lim, + ,G*'(r) exists.

Let ©(s) denote the angle defined as in the beginning of §5. If ©*(9)
=0(s(0)), then F(log f'(e¥)) = ®*(9) —0+-C on v*, C being a constant which
depends on the branch of log f’(z) chosen by us, and therefore

da

n—2

) = —

[0*(6) — 6 + C] = k=D (5)(s' ()2 + - - - + kD (5)s=2)(g)
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is the boundary function of the imaginary part of G*(z). Furthermore, it fol-
lows from our hypothesis that
V*(0) — V>
lim _(;_0,_() = V*(0)

exists when 6 and 0’ approach zero simultaneously.

Let T denote the closed Jordan curve formed by v* and the part within
| 2| <1 of the circle with center z=1 through z=e¢ (and ¢~*). T is symmetric
in the axis of reals. Let z=g(¢) be the function which maps the circle |{| <1
on the interior of I' in such a manner that g(1) =1 and that the segment
—1<¢ <1 corresponds to the part of the real axis which lies in the interior of
T'. The function z=g(¢) is also analytic on the open arc v of |{| =1 which
corresponds to v*, and g’(¢) %0 here. G(¢) =G*(g(¢)) is regular in |¢| <1 and
assumes continuous boundary values on |{| =1. The boundary function of
its imaginary part on vy is V(¢) = V*(arc g(e*#)). Evidently

lim (V(¢) —V(¢")/(¢—9")

exists as ¢ and ¢’ approach zero simultaneously. Hence, according to

Lemma 6,
9G(¢) ‘
li N K = W’
‘1_15 3 ( ” ) § = pe

exists for unrestricted approach in || <1. Furthermore,

lim G'(p) = lim G*'(r)-lim ¢’(p)
pT1 rit pl1

exists. Finally, we have, for 0 <p <1:

[20] _ L st
9 im0 2w Jo 9o

dp = 0.

Therefore we may apply Theorem II with 4(¢) =9G(¢)/d¢, according to
which

¢ )
G(t) — G(0) = f G'(u)du = —f — du
0 1 0 U
has a derivative at { =1. Hence G*(z) has a derivative at z=1. With the help

of (6.1), used for m =n—2, we easily infer from this that f(*~V(z) is also dif-
ferentiable at z=1.
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ITI. A CONVERGENCE THEOREM

8. Statement of Theorem V and a preliminary remark. The theorem in
question is as follows:

THEOREM V. Let C,, (m=1, 2, - - - ) and C be closed Jordan curves, which
are represented by the following functions, differentiable for 0<t<T:

W= Wnlt) = Un(t) + iVa(t), Wl (¢) 0 (m=1,2,---);
w=W(e), W) =0.t

Suppose

(1) that W . (8)—>W (2) for eachtin 0<t<T as m— o,

(2) that W (2) has a continuous nih derivative W ™ (t), n=1, which con-
verges uniformly in 0<t<T as m— o,

(3) that the integrals

fal Wit + u) — W @®)| du if n=1,
0 u

(n—1) (n—1)

‘ n— d
f[w,‘n Dot u)+ e — w) — 2w (;)|;’: fn>1,
0

exist and approach zero with a uniformly for all t in 0<t=<T and all m=1,
2,1

Suppose, further, that there is a point wo in the interior R, of Cn for every m
and in the interior R of C. Let fn(z) and f(3) map the circle |z| <1 on R, or R
respectively in such a manner that f.(0) =f(0) =w, and f»'(0) >0, f'(0)>0.
Then the functions f&(z) and f™(z) assume continuous boundary values on
|z] =1, and f®(2) converges uniformly in |z| <1 toward f™(z) as m—oo.

Before we prove this theorem we shall discuss a few simple consequences
of the hypotheses (1) and (2) in the following

Remark. As is well known, hypothesis (2) implies that the family of
functions W™ (f), m=1, 2, - - -, is equicontinuous§ for 0=¢<T and all

t Of course, Wn(f) and W(¢) are defined for all real ¢, by the equations Wn(t4+T)=Wan(t),
Wi+ T)=WwW().

1 The difference in the nature of the two hypotheses (for =1 and for »>1) in (3) is due to the
difference between the types of conditions which we have obtained for existence and continuity of the
derivatives at the boundary in these cases.

As a corollary, Theorem V is true if hypotheses (2) and (3) are replaced by the condition that
there be a non-decreasing function D(¢) for which f: (D(t)/t)dt converges, such that, for all £ and m,
|[Wa®(t4u) —Wn™ ()| <D(u), u>0.

§ A family of functions ¢n(x), n=1, 2, - - - , defined for a<x=<b, is said to be equicontinuous, if
for every >0 thereisa 5(¢) >0 such that |¢n(x)—¢"(x')| Seif |x—x'| < 4(é), uniformly for all «,
z’ina<x<bandalln=1,2,---.
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m=1,2, - - - .Since foTW,,.<'>(t)dt=0, v=1,2, ..., n,itfollows from Lemma
3 that there is a constant %, such that for0<¢{<T andm=1,2, - - .|
(8.1) | W' @)] < B r=1,2,---,m).
With the help of (8.1) and the hypotheses (1) and (2) we shall prove that
also W(t) has a continuous nth derivative W™ () and that W . (t) approaches
W) (v=0,1,2, - - -, n) uniformly for 0<t<T and thus for all real t.
First we note that because of (8.1) we can choose from each subsequence
of [Wa(f)] a subsequence [Wa, ()] such that lims. ,Wa.,*(0)=c (r=1,
2, -+, n—1) exists. Let ®™(f) denote the (continuous) function toward
which W, () converges. Set

¢
SO-1(y) =f ®M(r)dr + ¢ w=12,---,n).
0

Then it follows from

(»—1)

¢
we = [+ wio
0

that W, ®(f) approaches ®®(f) uniformly (»=0, 1, 2,---, #—1) in
0=<t=T when k—x. Since by hypothesis (1) limn.oW .({) =W (f), we have
®O(f)=W(#). Therefore W(z) has a continuous #nth derivative and W ., (f)
approaches W®(¢) uniformly (v=1,2, - - -, n). Since every subsequence of
[Wa(f)] contains a subsequence [Wa,(f)], for which W,,®(f) always ap-
proaches uniformly the same limit function W™ (), it follows that the
sequences W, (f) themselves approach W (#) uniformly, »=0,1, - - - , n.

We shall need the following two corollaries of the fact that W,'(¢) ap-
proaches W'(#) uniformly.

a. Since W' (£) 0 and W'(t)#=0, there is evidenily a constant ko such that

8.2) |Wahd®)| 2k (m=1,2,---), [w'@®) |z ke (O0=t=T).
b. There is a constant d >0, independent of m, such that

r
(8.3) —==d>0,
ag
where r is the distance between any two poinis Py and Pyon Cn(m=1,2, - - -)

and o is the length of the shortest arc of Cn joining the two points.

To prove (8.3), we note first that we can always assign to P; and P,
values #; and #, of the parameter ¢ such that |4, —t,| <7/2 and 0<#, 4, <2T.
According to the mean-value theorem, we have
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W) = Wa) [P Un2(1) + Vi (r)

a = plwa@lar (W)
where 71, 73, 73 are numbers between ¢ and #,. Since the sequence W, (¢) is
equicontinuous for 0<¢<27T,m=1, 2, - - - , there is a § >0 such that

k2
| W () — W ()| = gki for |## —¢"| <8, O0=v¢, t"<so2T,
1

where ko and £, denote the constants in (8.1) and (8.2). Hence, if |#,—#| <,

r > | Wal (r3) |2 = | Unl2(15) = Un'2(r) | = | Vil 2(75) — V() |
o2 | Wil (73) |2
2k ke? 1
TN,
If |t1—t:| <& this proves (8.3). Let P, and P, be points for which
|ti—ta| > 8. As |Wau(t) =Wa(ts)| — | W(t) —W(t)| and

¢
[wa @] —|we|la
&
approach zero uniformly for 0 <4, #, <27 when m— and

&
| W (0)| dt
131
(8.3) holds for all C,. for which m is sufficiently great, since (8.3) is valid if
P, and P, are points on C. But (8.3) is obviously true for the finite set of the
remaining C,’s.
9. Proof of Theorem V. Let

Z koo,

t
s=a,,.(t)=le,,.’(t)|dt, 0<t=T,
0

denote the arc length along Cn. It follows from the Remark above that the
functions W.?() (=1, 2,--., n) are equicontinuous and uniformly
bounded for all £ and m=1, 2, - - - . Because of (8.2), the same is true for
1/a.'(2).

Suppose first #=2. We have

W ULOV ) = VI OUL O
km (5) = km (om(t)) = (o (£))?

By differentiating «V(o(¢)) » times with respect to ¢ we easily see that
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kn®(s) (v=2,3, - -, n—1) is a polynomial in U,®(f), V.® () (u=1, 2,

-, v+1)and in 1/o.'(#). From this fact we infer first, with the help of
(8.2), that the functions kn"=V(s), considered as functions of s, are equicon-
tinuous and uniformly bounded for all s and all m=1, 2, - - - . Furthermore,
we infer from that fact and hypothesis (3), with the help of §3, (1 a), (3),
and (2) and the inequality

.1) 0< by —— "2 < by,

that the integrals

(n—2)

% (2 du
f (s-l—u)-l-xm \s—u)—Zx,,. ()I—2
0 u

exist and approach zero with ¢ uniformly for all s and m=1, 2, - - - . Thus
there exists a common convergence modulus for all these integrals.

If n=1, let wa(s) be the parametric representation of C,, the arc length
s being the parameter. Let w..(s) denote dw.(s)/ds. Since

we see that the functions w.(s) are equicontinuous for all s and all m=1, 2,
- . Furthermore, it follows from hypothesis (3) and (9.1) that

f I Wals + u) — w,,.(s)] —

exists and approaches zero uniformly with a for all sand m=1, 2, - -

Since Wa(f) converges uniformly toward W (¢) as m— o, there is a num-
ber D >0, such that the diameter of every C is <D, and a number p >0, such
that the circle with center w, and radius p lies entirely in every Ra(m=1,
2, - - -) andin R. Furthermore, (8.3) is true for every Cn, with d independent
of m. Therefore we may apply to every C, Theorem III (c) if »>1 and an
analogous theorem about the first derivativef if »=1. According to these
theorems the functions f.((z) assume continuous boundary values over all
of |z| =1, which are equicontinuous in z and m=1, 2, - - - and uniformly
bounded.

Therefore we may apply to the functions f, (e®), 0<» <2, a theorem
of Ascoli,{ according to which every subsequence of the f.(™(e®) contains a

t See WR, p. 440.
I See, for example, O. D. Kellogg, Foundations of Potential Theory, Berlin, Springer, 1929, p. 265.
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subsequence [fm,™ (e¥)] which converges uniformly in 0<0<2w, as k—w.
Hence also f.,™(z) approaches uniformly a continuous function F(z) in
| 2| <1. According to Weierstrass’s convergence theorem, F(z) is analytic in
|2 <1.

Now it follows from the fact that W.(f) approaches W (¢) uniformly, that,
in every fixed circle |z| £p<1, fa(3) converges uniformly toward f(z), and
therefore also that f.(™(3) approaches f™(3) there. Hence, in |3z| <1,
F(z)=f"(3), so that f (z) has continuous boundary valueson |z| =1.

Since every subsequence of the f.‘™(z) contains a uniformly convergent
subsequence approaching always the same limit function f™(3) in | z| <1, it fol-
lows that the sequence f.(™(z) itself approaches f(z) uniformly in |z| <1.
Hence the theorem is true.
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